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Abstract
We investigate the thermodynamics as well as thermodynamic ge-
ometry of chargeless BTZ black hole solution in new massive gravity.
Phase structure and thermodynamic stability of the system is ana-
lyzed using the Geometrothermodynamic approach. The phase tran-
sition between BTZ black hole space time and thermal AdS3 soliton is
studied using the same approach and the existence of a second order
phase transition is examined.
1 Introduction
General relativity survived all most all kinds of theoretical and observational
challenges. It is an accurate theoretical model for macroscopic gravitational
interactions but still now a quantum formulation of GR is not successful. At
the solar scale, the theoretical predictions of GR has passed all the experi-
mental tests [1]. But in the very large distance range, more complications
occurred due to the disagreement of theoretical predictions with that of ob-
served nature of gravity at cosmological scales. These contradictions include
the cosmological constant problem [2], the presence of dark matter com-
ponent in the universe [3] and the late time accelerated expansion of the
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universe [4]. Hence it is reasonable to think and investigate the possibility
of modifying Einstein’s GR in order to incorporate these observations. We
know that GR describes nonlinear self interactions of a massless spin 2 ex-
citations. So the most natural way of modifications would be by adding a
mass term for the spin 2 field. As a result the modified theory would ex-
plain the nonlinear interactions of a massive spin 2 field, and this theory is
known as Massive gravity. In 1939, Fierz and Pauli [5] considered modifica-
tion by adding mass to a linearized theory of gravity. The proposed theory
was unique in such a way that there were only a single way to add a mass
term so that the theory becomes physically significant. Later in two indepen-
dent articles, van Dam and Veltman and Zakharov claimed that Fierz-Pauli
theory could not converge to Einstein’s theory in the zero mass limit [6, 7].
Later in 1972, Vainshtein introduced a new mechanism to overturn the above
mentioned vDVZ discontinuity [8]. In this mechanism he considered the full
non linear formulation of massive gravity and as a result in the zero mass
limit Einstein’s original equations are retrieved. In the same year, Boulware
and Deser proved that any non linear massive gravity theory which uses the
Vainshtein’s mechanism would contain a ’ghost’ [9, 10], known as the BD
ghost. The presence of BD ghost remained as an unsolved problem until
2010, when de Rham, Gabadadze and Tolley (dRGT) proposed the first non
linear completion of the FP theory free of BD ghost instability [11, 12]. They
showed that the potential to be ghost free up to the quartic order in per-
turbation and to all orders in decoupling limit, and as a result of this many
extensions of this theory are discovered [13, 14, 15, 16, 17, 18, 19, 20]. Besides
these extensions, alternative theories with massive graviton have also been
under rigorous investigation. These theories include the DGP model [21, 22],
Kaluza - Klein scenarios [23, 24], New massive gravity [25] and Topological
Massive gravity [26, 27].
Black holes have been a mystery and a subject of interest since they
have been identified as thermodynamic objects from the pioneering works
of Hawking and Bekenstein [28, 29, 30]. By mapping the gravity system
in to a thermodynamic system, the four laws of black hole mechanics were
introduced in [31]. The study on thermodynamics of black holes will eventu-
ally shed lights in to the better understanding of the gravity theory. Hence
extensive efforts have been devoted for the study of thermodynamic prop-
erties of black holes. The black hole thermodynamic studies, that includes
phase transitions [32], which are entropically driven in Einstein’s theory, but
depends on other parameters in modified theories, are of prime interest in
this paper. One can study the thermodynamic properties of the black hole
by incorporating differential geometry ideas in to black hole thermodynam-
ics. Geometrothermodynamics [33] is the newest candidate in this direction,
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where the invariance of classical thermodynamics under a change of ther-
modynamic potential is taken in to account. For that, Legendre invariant
metric of the phase space is constructed and it will exactly reproduce the
thermodynamic interactions of the present system. So one can get an ex-
act explanation of the phase transition picture of the black hole system and
hence more insight of the gravitational theories.
In the recently proposed three dimensional higher derivative gravity model,
the so called new massive gravity (NMG), higher curvature terms (fourth or-
der) are added to the usual Einstein-Hilbert action. Unlike the topological
massive gravity, the parity is preserved in this NMG and it has two propa-
gating bulk degrees of freedom corresponding to the massive graviton modes
with spin ±2. The BTZ black hole solutions in this massive gravity was
proposed in [38]. Many studies have been done regarding the thermody-
namic as well as the phase transition aspects of the BTZ black hole solution
[39, 40, 41, 42, 43, 44]. The purpose of this paper is to explore the ther-
modynamics of the BTZ black hole solution in new massive gravity through
the geometric point of view using Geometrothermodynamic method and to
understand the phase transition picture as well as the thermodynamic inter-
actions of the same system.
A brief outline of the paper is as follows: in Section 2, We explain the
BTZ black hole solutions in new massive gravity. We calculate the relevant
thermodynamic quantities like the horizon temperature, mass, entropy and
the specific heat and the Geometrothermodynamic method for analyzing the
phase transition picture are depicted in Section 3. The results are summa-
rized in Section 4.
2 BTZ black hole in New massive gravity and
Thermodynamics
Three dimensional higher derivative gravity model, the New Massive Gravity
(NMG) was proposed by Bergshoeff, Hohm and Townsend in 2009 [25]. Their
action can be written as a higher curvature term added to the usual Einstein-
Hilbert action,
SNMG = SEH + SR, (1)
SEH =
1
16piG
∫
d3x
√−g (R− 2λ) (2)
SR = − 1
16piGm2
∫
d3x
√−g
(
RµνR
µν − 3
8
R2
)
, (3)
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where m2 is a mass parameter with mass dimension and G is a three dimen-
sional Newton constant. The equation of motion is given by,
Gµν + λgµν − 1
2m2
Kµν = 0 (4)
where Gµν is the Einstein tensor given by
Gµν = Rµν − 1
2
gµνR
and
Kµν = 2Rµν − 1
2
∇µ∇νR− R
2
gµν + 4RµρνσR
ρσ
− 3R
2
Rµν −R2ρσgµν +
3R2
8
gµν . (5)
Now let us choose the parameters in such a way that, we will end up with
BTZ black hole solution [38]. For that, we write
m2 =
Λ2
4(−λ+ Λ) , Λ = −
1
l2
, (6)
where Λ is the cosmological constant. From this, one can write the BTZ
solution as ,
ds2BTZ = −f(r)dt2 +
dr2
f(r)
+ r2dφ2, (7)
f(r) = −M + r
2
`2
(8)
where M is the integration constant corresponding to the ADM mass. Hori-
zon radius r+ can be determined using the condition, f(r+) = 0. Then the
horizon is located at,
r+ = l
√
M. (9)
Now one can calculate the thermodynamic quantities using the above rela-
tions. ADM mass of the black hole can be written as,
M =
r2+
l2
. (10)
Hawking temperature is obtained from the relation, T = κ
2pi
, as,
TH =
√
M
2pil
. (11)
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From the ADM mass, entropy of the BTZ black hole can be calculated us-
ing either Cardy formula or Wald’s formula. We adopt Wald’s method to
calculate the entropy as,
S = 2pi
∮
h
dx
√
γ
δL
δRµνρσ µνρσ, (12)
where h is the spatial cross section of the event horizon, γ is the determinant
of the induced metric on h, L is the Lagrangian in the action (3) and µν is
the binormal to h. So we obtain it as,
S =
pir+
2G
(
1− 1
2m2l2
)
. (13)
It is interesting to note that the entropy (13) is simply Bekenstein-Hawking
entropy renormalized by a factor. From the above relation one can conclude
that in order to get a non-zero central charge we need to rely on the condition
m2l2 ≥ 1/2. We will explore this condition in details in the preceding sec-
tions. The thermodynamic quantities of the BTZ black hole, heat capacity
and on shell free energy can be calculated using Abott-Deser-Tekin (ADT)
approach [45, 46, 47]. Using this method one can obtain, on shell free energy
as,
Fonbh =
−M
8G
(
1− 1
2m2l2
)
, (14)
thermodynamic energy as,
E =
M
8G
(
1− 1
2m2l2
)
, (15)
and the heat capacity as,
C =
∂E
∂T
=
pil
√
M
2G
(
1− 1
2m2l2
)
. (16)
In order to investigate the thermodynamic stability of the black hole space
time, we will further explore the above equation. Therefore, we have plotted
the variation of heat capacity with entropy of the BTZ black hole in fig (1).
From this figure it is evident that, there exist a point where the heat capacity
changes sign continuously, showing a transition between thermodynamically
stable and unstable phases. We can see that there exists one such point,
where heat capacity changes from thermodynamically unstable phase to sta-
ble phase in a continuous manner rather than in a usual discontinuous way as
seen in many cases where black hole exhibits second order phase transition.
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Figure 1: Variation of heat capacity of the BTZ black hole against the changes
in mass of the graviton with l = 1, G = 1 and M = 1.
From (16), the BTZ black hole is stable when m2l2 ≥ 1
2
and unstable when
0 < m2l2 < 1
2
.
We know that, the Banados-Teitelboim-Zanelli (BTZ) black hole system
[34] , there are two distinct solutions of the BTZ black hole of M ≥ 0 and
the thermal soliton of the global AdS3 whose mass is M = −1 [35, 36, 37].
Since we have already considered the black hole case, we will dig in to the
thermodynamics of thermal soliton of the global AdS3 with mass, M = −1.
In this case, the free energy of the thermal solitons can be calculated as,
Fonsol =
−1
8G
(
1− 1
2m2l2
)
, (17)
In order to analyze the phase transition between BTZ black hole and thermal
soliton, let us plot the free energies of both black hole and soliton as a function
of temperature. The variation of the same is plotted in fig (2). From the
figures it is evident that the BTZ black hole undergoes a phase transition to
thermal soliton of the global AdS3 at the critical temperature given by,
Tc =
1
2pil
(18)
From fig(2), a phase transition may occur at T = Tc between BTZ black
hole and thermal AdS3 soliton. From the same figure we can see that, for
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Figure 2: variation of free energy of BTZ black hole and thermal solitons
in AdS3 against the changes in temperature. The solid line represent the
behaviour of BTZ black hole, while the dashed line represents the thermal
soliton case.
T < Tc, free energy of thermal soliton is lower than that of the black hole.
So it can be inferred that the thermal soliton is more probable below the
critical temperature. On the other hand for T > Tc, the BTZ black hole
is more probable than the thermal soliton. To analyze the phase transition
behaviour further, we will consider the idea of Geometrothermodynamics in
the next section.
3 Review of Geometrothermodynamics and
Curvature singularity analysis of BTZ black
hole
Geometrothermodynamics is the new method of describing the phase tran-
sitions of a thermodynamic system by incorporating the ideas of differential
geometry and Legendre invariance. In this method one can consider the
curvature singularities as the phase transition points and hence system in-
teractions can be explained well. The main constituent of GTD is a (2n+ 1)
dimensional manifold, usually referred to as thermodynamic phase space (T ).
This phase space is constructed using a set of coordinates Za = {Φ, Ea, Ia},
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where Ea and Ia are extensive and their corresponding dual intensive vari-
ables. Here, A = 0, ....., 2n and a = 1, ..., n, then the Gibbs 1-form will
be,
Θ = dΦ− δabIadEb, δab = diag(1, 1, , .., 1), (19)
with summation over the repeated indices. Now if T is differentiable and Θ
satisfies the condition Θ∧ (dΘ)n 6= 0, then (T ,Θ) can be called as a contact
manifold. Now consider an n dimensional manifold E , which is a sub manifold
of T , i.e., E ⊂ T , which can be defined using the extensive thermodynamic
variables Ea. This equilibrium manifold E can be realized by considering a
smooth harmonic mapping ϕ : E → T ,
ϕ : Ea → {Za(Ea)} = {Φ(Ea), Ea, Ia(Ea)}, (20)
and the condition E ⊂ T , can be realized using the condition,
ϕ∗(Θ) = ϕ∗(dΦ− δabIadEb) = 0, (21)
where ϕ∗ is the pullback. From the relation (21) one can easily deduce the
condition for thermodynamic equilibrium as,
∂Φ
∂Ea
= δabI
b. (22)
Considering the equilibrium manifold E and using (21), the first law of ther-
modynamics can be written as,
ϕ∗(Θ) = ϕ∗(dΦ− δab Ia dEb) = 0 . (23)
The harmonic map ϕ demands the existence of the function Φ = Φ(Ea),
which is commonly known as the fundamental equation in classical thermo-
dynamics from which one can deduce all the equation of states corresponding
to that system. From this fundamental equation, one can write the second
law of thermodynamics as,
± ∂
2Φ
∂Ea∂Eb
≥ 0, (24)
also known as the convexity condition. In the above equation, the sign de-
pends on the choice of the thermodynamic potential. For example, if one
chooses Φ as entropy, then the sign becomes positive and it becomes neg-
ative when the potential is chosen to be the internal energy. Now let us
consider a Riemannian metric G on T , which must be invariant with respect
to Legendre transformations. Then the Riemannian contact manifold can
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be defined as the set (T ,Θ, G) and the equilibrium manifold can be written
as a sub manifold of T , i.e., E ⊂ T . This sub manifold satisfies the above
discussed pull back condition [48]. The non-degenerate metric G and the
thermodynamic metric g can be written as,
G = (dΦ− δabIadEb)2 + (δabEaIb)(ηcddEcdId), (25)
and,
gQ = ϕ∗(G) =
(
Ec
∂Φ
∂Ec
)(
ηabδ
bc ∂
2Φ
∂Ec∂Ed
dEadEd
)
, (26)
with ηab=diag(-1,1,1,..,1) and this metric is Legendre invariant because of
the invariance of the Gibbs 1-form. So by calculating the curvature scalar of
the GTD metric(26), one can use GTD as a method to investigate the phase
transition structure of the black hole system.
Now we will apply this formalism in to BTZ black hole in new massive
gravity. For that, let us consider a 5 dimensional thermodynamic phase space,
constituted by the coordinates Za = {M,S, l, T, α}, where S, l are extensive
variables while T and α are their corresponding dual intensive variables.
From the ideas of equilibrium manifold discussed above, one can obtain the
GTD metric as,
g = (SMS + lMl)
[ −MSS 0
0 Mll
]
.
Now one can calculate the Legendre invariant scalar curvature corresponding
to the above hessian metric in mass representation as,
RGTD =
pi4l4 (m2l2 − 2)4 (8m2l2 − 15)
32G4s4 (5m4l4 − 9m2l2 + 6)2 (27)
We will now explore the thermodynamic behaviour of the system as well as
their interactions using this scalar curvature. By plotting the scalar curvature
as a function of entropy, the variation is depicted in fig(3). From this figure it
can be inferred that, the particular equilibrium manifold under consideration
is a space of negative curvature for any values of entropy or for any values of
horizon radius. Hence the scalar curvature corresponding to the BTZ black
hole does not possess any discontinuities or zeros. Then we can say that the
BTZ space time is free of any thermodynamic curvature singularities. As we
have already discussed about heat capacity variation and the non existence
of any discontinuities in their variations implies the non existence of second
order phase transition. According to GTD formalism, the regular variation
of curvature scalar indicates that no (second-order) phase transition occurs.
This result does not imply that there is no thermodynamic interactions exists
in the case of BTZ black hole, but no second order phase transitions can
occur.
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Figure 3: Variation of scalar curvature of the BTZ black hole against the
changes in entropy with l = 1, G = 1 and M = 1.
4 Result and Discussion
In this work we used the formalism of GTD to construct a thermodynamic
equilibrium phase space to study the thermodynamic behaviour of the BTZ
black hole solution in new massive gravity. This method shows that the
thermodynamic curvature corresponding to BTZ black hole is non zero and
free of singularities, indicating the absence of second order phase transition.
Even though the black hole system shows a continuous transition from a
thermodynamically stable to an unstable phase, it is not second order in
nature.
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